Abstract. We give several characterisations of groupoids that are determined by involutive automorphisms on semilattices of groups.
Introduction
Let a set S be a disjoint union of groupoids of known structure. One way to construct a new groupoid on the set S, one that is consistent with the product in each known groupoid, is to define a new binary product on the disjoint union, in terms of products of images of elements under particular mappings, such as homomorphisms, between the groupoids of known structure. The structure of groupoids within certain classes of groupoids, at times varieties, can thereby be determined, modulo the determination of specified mappings between the groupoids of known structure. At times the collection of mappings must satisfy certain conditions, such as in Clifford's wellknown theorem determining the structure of semigroups that are semilattices of (disjoint) groups, in terms of transitive systems of homomorphisms between these groups that are indexed by a given semilattice [1] .
We mention just several others of these kinds of constructions. The structure of bands can be determined modulo compatible collections of mappings on unions of pairwise disjoint rectangular bands that are indexed by a given semilattice [6] . The structure of semigroups whose cube is a band B can essentially be determined modulo precompatible collections of alpha-mappings on the band B [5] . Collections of pairwise compatible endomorphisms on a rectangular band E form an essential part of the construction of semigroups whose square is the direct product of a group and the rectangular band E [4] . Collections of compatible alpha-mappings on a band B also form a significant part of the construction of semigroups whose square is the direct product of a group and the band B [6] .
So far we have mentioned results that deal only with semigroups. Here are several significant results that determine well-known classes of groupoids by defining a new product directly on individual members of particular classes of semigroups, rather than on disjoint unions of members of known classes of semigroups. If a groupoid G is commutative, distributive and medial then there exists a commutative semigroup {S, +} and an automorphism  on S such that xy =  (x+y), for all x,yG  S [2] . For every medial, globally idempotent groupoid G = GG, with a zero element 0, there exists a commutative monoid {S,+,0} and commuting, 0-fixed automorphisms  and  of S such that xy =  x +  y, for all x,yG  S [3] . A groupoid G is a completely inverse AG**-groupoid if and only if it is determined by an idempotent-fixed, involutive isomorphism on a semilattice of abelian groups; that is, if and only if xy = ( x)  y, for some semilattice of abelian groups {G,  } and an involutive, idempotent-fixed isomorphism on {G,  } [7] .
The main result in this paper describes the structure of groupoids that are determined by an involutive, idempotent-fixed automorphism on a semigroup that is a semilattice of (not neceassarily abelian) groups. We give several characterisations of such groupoids in Corollary 26. We denote a groupoid with underlying set S as either S or {S,  }, where the mapping  : S S S is the groupoid product. Then AUT (S) or AUT (S,  ) denotes the collection of automorphisms on S, AUT 2 (S,  ) denotes the collection of mappings { AUT (S,  ): 2  = 1 S }, where 1 S is the identity mapping on S, and AUT 2 e (S, ) denotes all E-fixed members of AUT 2 (S,  ). In the latter case, by definition,  e = e, for eE(S) = {xS : x= x 2 }. A mapping on a set S is called an involutive mapping if 2  =1 S . An involutive mapping must be a bijection, so AUT 2 (S,  ) is the set of involutive automorphisms on {S,  }. We use BIJ 2 (S) to denote the collection of all involutions on S. That is, BIJ 2 (S) = { such that : S S and 2  = 1 S }. The collections of left and right translations on the groupoid S are denoted by LT (S) = { such that : S S and  (xy) = x ( y)} and RT (S) = { such that  : S S and  (xy) = ( x) y}.
Preliminary definitions and results

All
As a convention we may denote the product x  y as xy. The expression x yz will denote x (yz), while xy  yz denotes (xy)
 (yz). At times the juxtaposition xy will denote the product in S, while x  y will denote the product in {S,  }  S , as in Definition 1, Results 1 and 2, Theorem 16 and its proof and Theorem 19. At other times, to simplify the notation, juxtaposition and the star-product notation will both denote the product in the groupoid S  {S,  }, as in Definition 2 and Theorems 18 and 22.
Definition 1.
S is determined by a groupoid {S,  } and a mapping
If C is a collection of groupoids then AD(C) will denote the collection of all groupoids that are determined by a groupoid {S,  } and a mapping  AUT 2 (S,  ), for some {S,  }C. If a mapping  is an isomorphism from a groupoid S to a groupoid T then we write  : S  T or simply S  T . The proof of the following result is straightforward and is omitted. 
, so S is a right Bol groupoid, which proves (2.2). If
 S then, using Result 1, for any x,yS ,
hence, x ( y) = x   y and so xy = x  y. The converse is evident. So (2.3) is valid. ■
We use notation used in [8] ; that is,
If C is a collection of groupoids then IC and GC will denote the collection of all inflations and generalized inflations, respectively, of groupoids inC . If C is a collection of semigroups then IC and GC will denote the collection of all semigroup inflations and generalized inflations, respectively, of semigroups inC .
3
As noted in [8] , the following result is well-known. 
4
Now suppose that S AD(GB). Then clearly, using Result 4, (9), for all x,y,zS 2 , (xy) z = ( x) (yz) and Now if x = wz S 2 , we wish to show that
S
2 AD(RB). ■
Alpha-determined semigroups
Suppose that a semigroup S is determined by a semigroup {S,  } and a mapping Proof. This result follows from Results 3 and 4 and some straightforward calculations. ■ An obvious question now is that if X {B,
this is the case if x ( y) = ( x) ( y) in S. Applying Result 4, we obtain the following result.
Proof. By definition
. We now prove that x ( y) = ( x) ( y), which will prove that  : {S,
If X = I 0 L then by Result 4, (6), for all x,y,zS, (xy) z = ( x) (yz) and xy = xz. Since S is a semigroup, 
(S) if and only if  LT (S).
Proof: Let xS. Then ( x)
(S) and for all xS, x
Proof. Suppose that  BIJ
(S) LT(S) and that
Proof. By Theorem 9, x = x 2 (xS). Then, since  BIJ
(S) RT (S),
Hence,
Proof. Necessity follows from Result 12. For sufficiency,
2 and so x = x 2 (xS). ■ Example 1. Let S = {a,b,c}, with xy = y if y{a,b}, ac = bc = b and cc = c. Define  :S S as follows:
It is also straightforward to calculate that AUT 2 (S) = {1 S }.
Example 1 brings forth the following question. What are necessary and sufficient conditions on a groupoid S such that (xy) z = ( x) (yz) = x (yz) (x,y,zS) and x 
Groupoids determined by semilattices of groups.
The structure of semilattices of groups is well-known. These semigroups are also described as unions of groups in which the idempotents commute, or inverse semigroups that are unions of groups [1, page 128] . In these semigroups idempotents are in the centre; that is, ex = xe for every idempotent e and every xS [1, Lemma 4.8] .
In this section we give several descriptions of groupoids that are determined by a semilattice of groups S and 
, for all x,y,zS and so 
Proof. Let aS and define a Suppose that (ax) a = a and (xa)
Suppose that eE(S). Then e = e 2 = ( e)  e and, by Result 1,  e = e  ( e) = ( e)  e  ( e). This implies e = e  ( e)  e = ( e)  e  ( e)  e = e  eE{S,  }. Hence, E(S)  E{S,  } and, therefore,  e = e. If eE{S,  } then  e = e and e 2 = ( e)  e = e  e = e and so E{S,  }  E(S)  E{S,  }. Therefore, E(S) = E{S,  } and  e = e for all eE(S). If {e,f}  E(S) then ef = ( e)  f = e  f = f  e = ( f)  e = fe and (ef) g = ( e) (fg) = e(fg). Thus, E(S) is a semilattice and (16.2) is valid. Since we have already proved that  e = e for all eE(S), by Result 1,  AUT If eE(S) and a,bS then, using (6) and (10)
, which proves (16.11).
Now using (5) and the fact that (a
Since, from 16.1, S is a completely inverse groupoid, and from 16.3,  AUT
 . Using (16.5) and (16.6), Using (1), (2), (3) and (4) we have (ef 
E(S) and so
, which proves (18.2). 
Suppose that E(S) is a semilattice. Let a,bS. Then {(ab) [ (b
, and so by (1),
:
So (2) and (3) 
and so {S,  } is a semigroup. Note that by Theorem 18,
Also, Theorem 18 implies  AUT 2 e (S) and so ( a
So we have proved that a(S  a
2 ) (a 2  S). By [1, Theorem 4.3], {S, } is a union of groups.
Suppose that e,f E(S,  ). Then e = e  e = ( e) e and so e 
Theorem 20. Suppose that in a strongly regular groupoid S in which E(S) is a semilattice, there exists
 AUT 2 e (S) such that for all x,y,zS, (xy) z = ( x) (yz). Then S is a completely inverse groupoid.
Proof. Note that, as in the proof of Result 2, (xy) z = ( x) (yz) for all x,y,zS implies that S is a right-Bol groupoid. For each aS there exists xS such that a = (ax) a and ax
So we have proved that a and (xa) x are inverses and that a [(xa) x] = [(xa) x] a = ax = xaE(S).
We need only therefore show that (xa) x is the unique inverse of a. Suppose that y is an inverse of a. We prove that y = (xa) x.
We have (ya) y = y and (ay) a = a. Now 
a,bS then, by Theorem 17, E(S) is a semilattice. By hypothesis, S is a right-Bol groupoid and we will use that fact without mention throughout the remainder of the proof. We now prove that (ab)
Using (1) and (4) we have that {(ab) [ 
and so, by (2) 
We now wish to show that (2) and (5) 
So we have proved that (ab) We now want to prove that (ab) c = ( a) (bc) for all a,b,cS. Recall that, from (2) and (5),
To prove this we now use the facts that E(S) is a semilattice and (ab) 
: 14 Proof. Let f >e for some e,f E.
Let S be the union of all the S(e), (eE), and define the product of any two elements aS(e) and bS(f) as
Let + denote the product in G(f) and let denote the product in G(ef) = G(e) and let a,bG(f) . Then (a+b) , G(e). Also, G(e) is a group, so (a  b) Now let aS(e) and bS(f), for some e, f E. Then, using (3) and Theorem 16, (6), we have that
If aS(e) and bS(f), for some e, f E then ab = (fa) (eb).
To each pair {f, e}  E such that f >e, define , 
Proof. Let eE(S) and aS(e).
Then, as in the proof of Theorem 16, x =  a 1  is the unique inverse of a in the completely inverse groupoid S(e). If yS(f) is an inverse of a in S then, since S is a semilattice E(S) of groupoids S(e) (eE), {a,y}  S(ef) = S(e) and so y = x. Then, since each S(e) is completely inverse, so is S.
■
Now using Lemma 27, S in 26.6 is completely inverse. By the equivalence of 26.1 and 26.2, we need only prove that  AUT 2 (S). Firstly we prove that  e = e, for all eE. Since e = (ee) e = ( e) e and since  e = e  eS(e),  e = e ( e) = [( e) e] ( e) and [e ( e)] e = ( e) e = e. So  a = ae.
